On Centralizer-Related Intermediate Fields of a Skew Field Extension  by Treur, Jan
Journal of Algebra 249, 419–452 (2002)
doi:10.1006/jabr.2001.9075, available online at http://www.idealibrary.com on
On Centralizer-Related Intermediate Fields of
a Skew Field Extension
Jan Treur
Department of Mathematics and Computer Science, Vrije Universiteit Amsterdam,
De Boelelaan 1081a, 1081 HV Amsterdam, The Netherlands
E-mail: treur@cs.vu.nl
Communicated by Eva Bayer-Fluckiger
Received January 26, 2001
For a skew ﬁeld extension L/K, a number of intermediate ﬁelds can be deﬁned
on the basis of the centralizer of K in L. In this paper such intermediate ﬁelds are
studied in detail. Among the results are a standard decomposition of any skew ﬁeld
extension of ﬁnite degree and four types of skew ﬁeld extensions that are basic to
such a standard decomposition. A number of persistence properties of these types
are explored.  2002 Elsevier Science (USA)
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1. INTRODUCTION
To handle a skew ﬁeld extension of ﬁnite degree, an often used strat-
egy is to describe structures of L/K by means of structures of the cen-
tralizer ZLK of K in L. Since this centralizer is always of ﬁnite degree
over its center, this can provide new insights into the structure of L/K.
In fact, following this strategy, one decomposes L/K into two extensions
D/K and L/D, where D is the skew ﬁeld generated by K and the cen-
tralizer ZLK. That part of the structure of L/K that is given by D/K
can be described by the structure of ZLK/ZK. In this paper this strat-
egy of reducing structures of L/K to structures of ZLK is analyzed more
closely. Besides, we extend it by another, dual kind of reduction strategy.
This latter strategy is reﬂected in a decomposition of L/K into D/K and
L/D with D = ZLZLK. In this case structures of L/D can be described
in a dual way by structures of ZLK/ZL.
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These two strategies, as mentioned above, appear to be duals of each
other. By combining both decompositions we obtain a unique self-dual stan-
dard decomposition into four basic types of extensions. The structure of
three of these basic types can be described by structures of ZLK. We call
these three basic types founded (in the centralizer). The fourth, unfounded
basic type collapses in the case that L  ZL < ∞. Generalizing this,
we deﬁne the class of well-founded extensions as those extensions which
do not contain this unfounded basic type in their standard decomposition.
Some theorems about the structure of these well-founded extensions are
established.
In this paper ﬁelds may or may not be commutative and will be denoted
by capitals like KLDE, and N . If S is a subset of the ﬁeld L, we denote
by ZLS the centralizer of S in L. The center of L is denoted by ZL. If
L/K is an extension, we denote by GL/K the Galois group of L/K, i.e., the
group of all K-automorphisms of L. We call L/K a Galois extension if K
is the ﬁeld of invariants of this group. An intermediate ﬁeld D of L/K is
called invariant (as a whole) if ωD = D for all ω ∈ GL/K .
We will make use of the theory on duality as developed in [8]. We recall
that L/K and L1/K1 are dual in some N if
ZNK = L1 ZNL = K1
ZNK1 = L ZNL1 = K
In [8] it is proved that for every L/K there exists a dual extension; also
many dual relations between the basic structures of an extension L/K and
a dual of it are established there.
The following rules for centralizers are often used:
(i) If S ⊂ T , then ZLT  ⊂ ZLS.
(ii) ZLZLZLS = ZLS.
(iii) S ⊂ ZLZLS.
(iv) ZLS  T  = ZLS ∩ ZLT .
Here S  T stands for the skew ﬁeld generated (within L) by S and T .
2. DECOMPOSING AN EXTENSION INTO FOUR BASIC TYPES
To determine the structure of a general L/K, sometimes it is easier to
take an intermediate ﬁeld D of L/K and to split L/K into parts D/K and
L/D that are easier to handle. Many examples of this strategy can be found
in the literature. A closer look at these examples from the literature shows
centralizer-related intermediate ﬁelds 421
us that two types of decompositions are often used (see [4, Theorem 3.4.2,
p. 61, and corollary, p. 52]):
K ⊂ K ZLK ⊂ L
K ⊂ ZLZLK ⊂ L
Notice that these intermediate ﬁelds are invariant, as a whole, under
K-endomorphisms of L. If the extension L/K is decomposed into two
extensions D/K and L/D, with these parts we can do the same. By tak-
ing D alternately of one of the two forms mentioned above, the process
must stop after a ﬁnite number of steps, if we assume L  Kl < ∞. The
remaining extensions cannot be decomposed anymore, so one has four
possibilities, namely,
K ZLK = K or K ZLK = L
and
ZLZLK = K or ZLZLK = L
Notice that K ZLK = K if and only if ZLK = ZK and ZLZLK=L
if and only if ZLK = ZL. Thus we are led to the following deﬁnition:
Deﬁnition. The extension L/K is called
• of type 1 if L = K ZLK
• of type 2 if ZLK = ZK
• of type a if ZLK = ZL
• of type b if K = ZLZLK
• of type 1a if L = K ZLK and ZLK = ZL
• of type 1b if L = K ZLK and K = ZLZLK
• of type 2a if ZLK = ZK = ZL
• of type 2b if ZLK = ZK and K = ZLZLK.
An extension of type 1 is also called a central extension, an extension of
type 2 a plain extension, one of type a an outer extension, and one of
type b an inner extension. Furthermore, we call 1a outer central, 1b inner
central, 2a outer plain, and 2b inner plain. The following notation will be
used to express that L/K is, respectively, of type 1     1a    :
K ⊂
1
L    K ⊂
1a
L    
For shortness, we sometimes write K 1aL to denote that L/K is an exten-
sion of type 1a.
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In [8, Proposition 2.1] we established that these types are pairwise duals
of each other. We summarize these results in the following:
Lemma 2.1. If L/K and L1/K1 are dual in A, then
ZAK ZLK = ZL1ZL1K1
If, moreover, L  Kl <∞, then also
ZAZLZLK = K1  ZL1K1
Proposition 2.2. Suppose L/K and L1/K1 are dual in A. Then
K ⊂
1
L⇒ K1 ⊂
b
L1
K ⊂
2
L⇔ K1 ⊂
a
L1
If, moreover, L  Kl <∞, then
K ⊂
1
L⇔ K1 ⊂
b
L1
Proposition 2.2 tells us that types 2 and a are duals of each other and,
in the case of ﬁnite left degree, types 1 and b are also duals. This implies
that, in the case of ﬁnite left degree, types 1a and 2b are duals of each
other and type 1b is self-dual, whereas type 2a is self-dual in all cases.
Whether or not types 1 and b are duals of each other in the case of
inﬁnite degrees remains an open question.
In the case that L/K has no proper intermediate ﬁelds, a decomposition
will always be trivial. Thus we can state:
Deﬁnition. We call L/K a prime extension if there is no ﬁeld D such
that
KDL
It is clear that if L  Kl or L  Kr is a prime number, then L/K is a
prime extension. The converse is not true, as we shall see later on.
Lemma 2.3. Suppose there is no ﬁeld D, KDL, such that ωD = D
for all ω ∈ AutL with ωK = K. Then L/K is an extension of type 1a, 2a,
1b, or 2b.
Proof. As both K ZLK and ZLZLK are invariant under automor-
phisms of L that map K onto K, we have K ZLK = K or K ZLK = L,
so L/K is of type 1 or 2. Similarly, ZLZLK = K or ZLZLK = L,
which implies that L/K is of type a or b. Combining these two classiﬁca-
tions proves the lemma.
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Proposition 2.4. If L/K is a prime extension, then L/K is of type
1a 2a, or 2b.
Proof. Given Lemma 2.3, it sufﬁces to prove that a prime extension
cannot be of type 1b. Let α ∈ ZLK be given. Suppose α /∈ ZK; then
α /∈ K. The ﬁeld Kα generated by α over K is an intermediate ﬁeld of
L/K. Since α /∈ K, the ﬁeld Kα is not K, and therefore, since L/K is
prime, it follows that Kα = L. This means that L is generated over K by
the element α which commutates with the elements of K. Therefore α ∈
ZL. Now it follows that α ∈ ZLZLK, and therefore not ZLZLK = K.
Hence L/K is not of type 1b. The remaining case is that no α exists with
α ∈ ZLK\ZK, i.e., ZLK = ZK. But then K ZLK = K ZK =
K. Hence also in this case L/K is not of type 1b. This proves that a prime
extension cannot be of type 1b.
Lemma 2.3 and Proposition 2.4 can also be proven using results of the
remaining sections of the paper, for example, using the decomposition
developed in Section 6. However, to motivate the deﬁnitions of the basic
types, it was chosen to treat these results here.
3. CHARACTERIZATIONS OF THE BASIC TYPES
We go into some more detailed characterizations of the different types
of extensions as deﬁned in Section 2. First notice that L/K is of type 1a if
and only if L = K ZL. The only if part is trivial and the if part follows
from
ZL = ZLL = ZLK ZL = ZLK
Next we determine some inclusions between the centers for inner and cen-
tral extensions.
Proposition 3.1. (a) If L/K is of type 1, then
ZK ⊂ ZL = ZZLK ⊂ ZLK
(b) If L/K is of type b, then
ZL ⊂ ZK = ZZLK ⊂ ZLK
(c) If L/K is of type 1b, then
ZK = ZL = ZZLK ⊂ ZLK
(d) If KL, then L/K is of at most one of the types 1 2 and also
of at most one of the types a, b.
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Proof. (a) follows from
ZK ⊂ ZZLK
= ZLK ∩ ZLZLK
= ZLK ZLK
= ZL
(b) follows from
ZL ⊂ ZZLK
= ZLK ∩ ZLZLK
= ZLK ∩K
= ZK
(c) follows from (a) and (b).
(d) is clear from the discussion before the deﬁnition.
An interesting question concerning duality is whether it can happen that
L/K has a dual extension inside L. This question is answered by the fol-
lowing proposition.
Proposition 3.2. Let L/K and L1/K1 be any pair of ﬁeld extensions. The
following are equivalent:
(i) L1 ⊂ L and L/K and L1/K1 are dual in L.
(ii) L/K is an inner extension and K1 = ZL, L1 = ZLK.
(iii) L1 ⊂ L and L/K and L1/K1 are dual in some extension A ⊃ L.
(iv) K1 ⊂ ZL and L/K and L1/K1 are dual in some A.
Proof. (i)⇒ (ii) By the deﬁnition of duality, K1 = ZL, L1 = ZLK.
Furthermore, ZLZLK = ZLL1 = K, so L/K is inner.
(ii)⇒ (iv) It is clear that K1 ⊂ ZL1. It is easy to check that L/K
and L1/K1 are dual in L.
(iv)⇒ (iii) If K1 ⊂ ZL1, then L1 ⊂ ZAK1 = L.
(iii)⇒ (i) From
ZAK = L1 ⊂ L
it follows that L1 = ZLK, and from
ZAL = K1 ⊂ L
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it follows that K1 = ZL. Now
ZLL1 = L ∩ ZAL1
= L ∩K
= K
and ZLK1 = ZLZL = L. So L/K and L1/K1 are dual in L.
Another question is under which conditions an extension L/K has a dual
extension lying inside K. A question which appears to have connections with
this question is to determine all dual extensions of the extensions of com-
mutative ﬁelds. Both questions are answered by the following proposition.
Proposition 3.3. Let L/K and L1/K1 be any pair of ﬁeld extensions. The
following are equivalent:
(i) L1 ⊂ K and L/K and L1/K1 are dual in L.
(ii) L/K is an inner plain extension and K1 = ZL, L1 = ZK =
ZLK.
(iii) L1 ⊂ K and L/K and L1/K1 are dual in some extension A ⊃ L.
(iv) L1 is commutative and L/K and L1/K1 are dual in some A.
Proof. (i)⇒ (ii) Apply Proposition 3.2. From
ZLK = L1 ⊂ K
it follows that ZLK = ZK, so L/K is inner plain.
(ii)⇒ (iv) is clear with A = L.
(iv)⇒ (iii) If L1 is commutative, then L1 ⊂ ZAL1 = K.
(iii)⇒ (i) follows from Proposition 3.2.
From Proposition 3.3 we see that the dual extensions of extensions L1/K1
of commutative ﬁelds are the inner plain extensions L/K such that ZL =
K1, ZK = L1. In particular, this implies the existence of such L/K.
Theorem 3.4. Suppose L0/K0 is an extension of commutative ﬁelds and
N is a ﬁeld such that K0 ⊂ L0 ⊂ ZN. Then there exists an inner plain
extension L/K such that K0 ⊂ L0 ⊂ N ⊂ K ⊂ L, and ZL = K0, ZLK =
ZK = L0. In particular, there exist inner plain extensions of arbitrary ﬁnite
degree.
Proof. Apply [8, Theorem 1.6] to N/K0, taking care that ZAZAL0 =
L0, and Proposition 3.3 to L/K and L0/K0.
In Proposition 3.5 we give characterizations of inner extensions and cen-
tral extensions in terms of the degree of ZLK over ZL, resp. ZK.
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Proposition 3.5. Assume L  Kl <∞.
(a) The following are equivalent:
(i) L/K is an inner extension.
(ii) L  Kl = ZLK  ZL.
(iii) L  Kr = ZLK  ZL.
(b) The following are equivalent:
(i) L/K is a central extension.
(ii) L  Kl = ZLK  ZK.
(iii) L  Kr = ZLK = ZK.
If (b)(i)–(iii) are satisﬁed and ei, i ∈ I, is a basis of ZLK/ZK, then this
is also a right and left basis of L/K; in other words, L ∼=K K ⊗ZK ZLK.
Conversely, if N is a ﬁeld with ZK ⊂ ZN, then K ⊗ZK N is a central
extension of K, provided it is a ﬁeld.
Proof. (a) (i) ⇒ (ii) and (iii) From Proposition 3.2 it follows that
L/K and ZLK/ZK are dual in L, which implies the relations between
the degrees.
(ii) ⇒ (i) Since L/ZL is inner, from [8, Proposition 1.4] it fol-
lows that ZLK/ZL and L/ZLZLK are dual in L. Therefore
L  Kl = ZLK  ZL = L  ZLZLKl ≤ L  Kl
We conclude that K = ZLZLK.
(iii) ⇒ (i) is similar.
(b) The ﬁrst part of (b) is the dual statement of (a). Now assume
L/K is central and ei, i ∈ I, is a basis of ZLK/ZK. Take a dual L1/K1
of L/K. Then ZLK/ZK is a dual of L1/K1 in L1. From the uniqueness
part of the duality theorem [8, Theorem 1.6], it follows that ei, i ∈ I, is
a basis of L/K. The remainder of (b) immediately follows from the ﬁrst
part.
Now we shall give our motivation for the terms inner, outer, central, and
plain. First, the term outer comes from the fact that L/K is outer if and
only if the only inner K-automorphism of L is the identity. On the other
hand, L/K is inner if and only if K = InvG for some group G of inner
automorphisms of L. We have seen in Proposition 3.2 another, completely
different meaning of the term inner, namely, L/K is an inner extension
if and only if L/K has a dual extension inside L. From Proposition 3.5 it
follows, in case L  Kl <∞, that L/K is a central extension if and only if
L ∼= K ⊗ZK ZLK. Thus one can get L from K by extending the center
of K to ZLK and then taking the tensor product with K. What remains
to be given is a motivation for plain. If L/K is a plain extension, then
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ZLK ⊂ K. Hence the intermediate ﬁeld K ZLK of L/K coincides with
K. One has no grip on the way of extending K to L; there is an extension
L of K, apparently, but nothing special can be said about how L can be
constructed from K.
In the case K  ZK < ∞ there do not exist outer plain extensions
KL as we shall see in Theorem 8.3.
Examples of outer plain extensions, which require rather technical con-
structions such as ﬁelds of (twisted) formal power series, are given in
[7, 12.3]. For the moment we shall content ourselves with giving examples
of extensions of types 1a, 1b, and 2b. Although the present examples
can be given in a more general form, we restrict ourselves to the case
L  Kl <∞.
1a Every extension L0/K0 of commutative ﬁelds is outer central.
Any outer central extension L/K can be written as
L = K⊗
K0
L0
where K0 = ZK and L0/K0 is an extension of commutative ﬁelds (note
that L0 = ZL). One can say that outer central extensions are very similar
to extensions of commutative ﬁelds.
1b If L0 is a ﬁeld such that L0  ZL0 < ∞ and K0 = ZL0,
then L0/K0 is inner central (for instance, K0 =  and L0 = the ﬁeld of
real quaternions). Any inner central extension L/K can be written as
L = K⊗
K0
L0
where K0 = ZK, ZL0 = K0, and L0  K0 <∞.
Inner central extensions behave in a similar way to ﬁnite-dimensional
division algebras, and many properties of the latter carry over to the former.
2b If L is a ﬁeld such that L  ZL < ∞ and K is a maximal
commutative subﬁeld of L, then L/K is inner plain (for instance, L = the
ﬁeld of real quaternions and K = ). The behavior of inner plain extensions
is in a way similar to the extensions in this example.
In these examples we already see the following phenomenon, which, later
on, will appear to hold in general: if H is the ﬁeld of real quaternions,
H/ is an inner central extension of degree 4. The ﬁeld  of complex
numbers is a maximal commutative subﬁeld of H, and the extension
H/ of type 1b can be split:
 ⊂
1a
 ⊂
2b
H
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Here both / andH/ are of degree 2. Later on in Proposition 7.3 we
shall see that such an intermediate ﬁeld can always be found in case L/K
is of type 1b, and one may see already that it sufﬁces to take a maximal
commutative subﬁeld M of ZLK and then form K M .
4. FOUNDING BASIC TYPES IN THEIR CENTRALIZER
The structure of an extension L/K of type 1 heavily depends on the
structure of ZLK/ZK. This already appeared in Proposition 3.5; in this
section we will work out this phenomenon somewhat further. Similar but
dual relations can be established between L/K and ZLK/ZL in the
case of L/K of type b. This means that in the cases 1a, 1b, and 2b one
can describe the structure of L/K in terms of the structure of ZLK with
subﬁelds ZK and ZL. We say these extensions are founded (in their
centralizer). The only basic type which is not founded in this sense is 2a.
We start by deriving a dual description of the lattice of intermediate ﬁelds
of L/K by that of ZLK/ZL in the case of an inner extension. This result
is a simple special case of the duality theorem as given by [8, Theorem 1.6].
Theorem 4.1. Suppose L/K is an inner extension with L  Kl < ∞.
Let 0 be the lattice of intermediate ﬁelds of ZLK/ZL and let  be the
lattice of those of L/K. Then the mapping ϕ 0 →  given by D→ ZLD
is an anti-isomorphism with inverse D → ZLD. This anti-isomorphism ϕ
preserves degrees in the following sense:
ϕD1  ϕD2l = ϕD1  ϕD2r = D2  D1l = D2  D1r
for all D1D2 ∈ 0.
Next we establish how the structure of automorphisms of L/K can be
described by elements of ZLK and vice versa. An element a ∈ L∗ such
that θ−1K∗θ = K∗ is called a normalizing element of L/K. In Proposition
4.2 the normalizer of K∗ within L∗ is denoted by NL∗K∗.
Proposition 4.2. Suppose L/K is an inner extension and L  Kl <∞.
(a) We have an exact sequence
1→ K∗ → NL∗K∗
π→ GZLK/ZL → 1
where π is given by
xπθ = θ−1xθ
for x ∈ ZLK.
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(b) We have an exact sequence
1→ ZL∗ → ZLK∗
π→ GL/K → 1
where π is given by
xπθ = θ−1xθ
for x ∈ L.
Proof. Apply [8, Proposition 2.4] to the extension L/K for (b) and to
its dual extension ZLK/ZL for (a).
Theorem 4.1 and Proposition 4.2 give rise to a lot of connections
between speciﬁc Galois extensions and the corresponding dual notions.
We recall that L/K is a G-regular Galois extension if G is a group of
K-automorphisms of L with L  Kl = cardG and InvG = K. Fur-
thermore, L/K is a G-crossed product for a group G if there exists a
normalizing basis ti, i ∈ G, of L over K such that, for every i j ∈ G,
titj = µi jtij for some µi j ∈ K. Then we can summarize the results of
[8, Theorem 3.3 and Corollary 3.4] for this special inner case as fol-
lows: L/K is a regular Galois extension if and only if ZLK/ZL is a
crossed product. Theorem 3.3 of [8] gives the additional information that
if L/K is G-regular, then ZLK/ZL is a G-crossed product, and con-
versely (up to an identiﬁcation of G with a subgroup of GL/K). Applied
to the dual extension ZLK/ZL of L/K in L, Theorem 3.3 of [8]
yields that L/K is a crossed product if and only if ZLK/ZL is a
regular Galois extension. Moreover, if ZLK/ZL is G-regular, then
L/K is a G-crossed product, and conversely (up to an identiﬁcation of G
with a subgroup of GZLK/ZL). Furthermore, L/K is a binomial exten-
sion if and only if ZLK/ZL is cyclic Galois extension, and L/K is a
cyclic Galois extension if and only if ZLK/ZL is a binomial extension.
Here a binomial extension is a G-crossed product for some ﬁnite cyclic
group G.
In an inner extension L/K with L  Kl < ∞, duality gives an anti-
isomorphism of the lattice of intermediate ﬁelds of L/K onto that of
ZLK/ZL (Theorem 4.1). In the dual case, that is, the case that L/K
is a central extension, one has an isomorphism between the lattice of
intermediate ﬁelds of L/K and that of ZLK/ZK, as the following
proposition tells us.
Proposition 4.3. Suppose L/K is a central extension with L  Kl <∞,
(a) Let 0 be the lattice of intermediate ﬁelds of ZLK/ZK and let
 be the lattice of those of L/K. Then φ 0 → , given by N → K N , is
an isomorphism with inverse φ−1 D → ZDK.
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(b) ω → ωZLK is an isomorphism of GL/K onto GZLK/ZK and
the following are equivalent:
(i) L/K is a Galois extension.
(ii) ZLK/ZK is a Galois extension.
Proof. (a) Take an A ⊃ L such that L/K has a dual L1/K1 in A.
Take 1 the lattice of intermediate ﬁelds of L1/K1. Since 0 is the
lattice of intermediate ﬁelds of ZL1K1/ZL1 and since L1/K1 is an
inner extension, Theorem 4.1 gives an anti-isomorphism φ1 0 → 1 by
N → ZL1N. Furthermore, ZA D → ZAD is an anti-isomorphism of 
onto 1. One easily checks that the diagram
1
0

φ1
φ
ZA
commutes. Hence φ is an isomorphism between 0 and . If D ∈ , then
φ−1D = φ−11 ZAD
= ZL1ZAD
= L1 ∩ ZAZAD
= ZAK ∩D
= ZDK
(b) If ω ∈ GL/K , then ωZLK = ZLK. Hence ωZLK ∈
GZLK/ZK. From L = K ZLK it follows that the homomorphism
ω → ωZLK
GL/K → GZLK/ZK
is injective. If ω0 ∈ GZLK/ZK, one can extend ω0 to a left K-linear bijec-
tion ω¯0 of L = K ⊗ZK ZLK. It is easily veriﬁed that this ω¯0 is in fact an
automorphism of L, that is, ω¯0 ∈ GL/K .
(i)⇒ (ii) If L/K is a Galois extension, we have
InvGZLK/ZK = InvωZLK  ω ∈ GL/K
= ZLK ∩ InvGL/K
= ZK
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(ii) ⇒ (i) Suppose ZLK/ZK is a Galois extension and D =
InvGL/K . Then
ZDK = D ∩ ZLK
= InvωZLKω ∈ GL/K
= InvGZLK/ZK
= ZK
Hence, by the 1–1 correspondence given above, D = K.
From Proposition 4.3 one can derive in an easy way many results of
the form: a property holds for L/K (of type 1) if and only if it holds
for ZLK/ZK; here the property mentioned may have something to
do with GL/K or a particular basis of L/K or the intermediate ﬁelds of
L/K. For instance, for L/K as in Proposition 4.3, L/K is a regular Galois
extension if and only if ZLK/ZK is a regular Galois extension, L/K
is a cyclic Galois extension if and only if ZLK/ZK is a cyclic Galois
extension, L/K is a binomial extension if and only if ZLK/ZK is a
binomial extension, and so on.
In the case of type 1b, we have ZK = ZL. Both Theorem 4.1 and
Proposition 4.3 can be applied, so there are two ways of describing struc-
tures of L/K in terms of structures of ZLK. This leads to the following:
Corollary 4.4. Suppose L/K is an inner central extension and
L  Kl <∞. Then the following are equivalent:
(i) L/K is a regular Galois extension.
(ii) L/K is a crossed product.
A nice example to illustrate Corollary 4.4 is the case that K is a formally
real ﬁeld and L is the ﬁeld of quaternions over K. Here we can take G =
1 i¯ j¯ k¯, where the overbar means “inner automorphism induced by,”
whence i¯2 = j¯2 = k¯2 = 1, i¯j¯ = j¯ i¯ = k¯, etc. Furthermore, we can choose
θi¯ = i, θj¯ = j, θk¯ = k, θ1 = 1.
Then L/K is a G-crossed product and a G-regular Galois extension.
5. PERSISTENCE OF THE BASIC TYPES
In this section we present an overview of the persistence properties of
the basic types; an overview will be given in Table I.
Lemma 5.1. (a) Suppose D is an intermediate ﬁeld of L/K. If D/K is
of type 1a and ZD ⊂ ZL, then ZLD = ZLK.
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TABLE I
K ⊂ L K ⊂ D D ⊂ L L  Kl <∞
Row of type of type of type required ZLK
1 a ⇒ a a ZLD
2 2 ⇒ 2 2 ZDK
3 1 ⇒ 1 ⇒ +
4 b ⇒ b ⇒ +
5 2a ⇒ 2a 2a ZLD = ZDK
6 1a ⇔ 1a 1a ⇒ + ZLD
7 2b ⇔ 2b 2b ⇒ + ZDK
8 1b ⇐ 1b 1b ZLD  ZDK
if L  Kl <∞
9 a ⇐ 1a a ZLD
10 a ⇐ a 1a ⇐ + ZLD
11 2 ⇐ 2 2b ZDK
12 2 ⇐ 2b 2 ⇐ + ZDK
13 1 ⇐ 1 1 ZLD  ZDK
if L  Kl <∞
14 b ⇐ b b ZLD  ZDK
if L  Kl <∞
(b) If L/D is of type 2b and ZD ⊂ ZK, then ZDK = ZLK.
Proof. (a) ZLD = ZLK ZD = ZLK.
(b) follows from
ZLK ⊂ ZLZK
⊂ ZLZD
= ZLZLD
= D
Notice that in Lemma 5.1, in the case L  Kl <∞, (b) follows by dual-
izing (a). However, in the general case (b) needs a direct proof.
The following theorem gives information about the persistence of the
types a b 1, and 2 under arbitrary decomposition of L/K into L/D
and D/K. Also the converse persistence is studied in this theorem.
Theorem 5.2. For an intermediate ﬁeld D of L/K, subject to the condi-
tion L  Kl < ∞, if required, the properties given in Table I hold (the last
column gives ZLK under the assumptions for the implication stated in the
same row, if anything can be said about it at all).
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Proof. Row 2. Suppose L/K is of type 2. Since
ZDK ⊂ ZLK ⊂ K
D/K is of type 2, and from
ZLD ⊂ ZLK ⊂ K ⊂ D
we get L/D is of type 2. Notice that ZLK = ZK = ZDK.
Row 1 follows by dualizing row 2.
Row 4. If L/K is of type b and L  Kl < ∞, then, by [8, Theorem
1.3], L/D is of type b.
Row 3 follows from row 4 by duality.
Row 5. If L/K is of type 2a, then, by rows 1 and 2, D/K and L/D are
both of type 2a.
Row 9 is an immediate consequence of Lemma 5.1(a).
Row 10. Suppose D/K is of type a and L/D is of type 1a, where
L  Kl < ∞. Take a basis eii∈I of ZL over ZD. Then this is also a
right and left basis of L/D by Proposition 3.5.
Suppose x ∈ ZLK and write x =
∑
λiei, λi ∈ D. If a ∈ K, then
∑
aλiei =
∑
λieia
=∑λiaei
Therefore λi ∈ ZDK = ZD ⊂ ZL for all i ∈ I. But then x ∈ ZL,
whence ZLK = ZL; that is, L/K is of type a.
Row 11 follows directly from Lemma 5.1(b).
Row 12 follows by dualizing row 10.
Row 13. Suppose D/K and L/D are both of type 1. Then
L = D ZLD
= K ZDK  ZLD
⊂ K ZLK ∗
Hence L/K is of type 1. If also L  Kl < ∞, them, by Proposition 3.5
and ∗, we have
ZLK  ZK = L  Kl
≤ ZDK  ZLD  ZK
whence ZLK = ZDK  ZLD.
Row 14. Suppose D/K and L/D are both of type b. Take
C = ZLD  ZDK ⊂ ZLK
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Then
ZLC = ZLZLD ∩ ZLZDK
= D ∩ ZLZDK
= K
Hence L/K is of type b. If, in addition, L  Kl <∞, then, by [8, Theorem
1.3], C = ZLZLC = ZLK.
Row 6. If L/K is of type 1a and L  Kl < ∞, then rows 1 and 3
imply that D/K is of type 1a and L/D is of type a. Furthermore,
D ZLD = D ZL
= D ZLK
= L
Hence L/D is also of type 1a. Conversely, suppose both D/K and L/D
are of type 1a. By rows 9 and 13, it follows that L/K is of type 1a. Notice
that ZLK = ZL = ZLD.
Row 7. If L/K is of type 2b and L  Kl < ∞, then, by duality and
row 6, we get that both D/K and L/D are of type 2b. Conversely, suppose
both D/K and L/D are of type 2b. From rows 11 and 14, it follows that
L/K is of type 2b. Notice that ZLK = ZK = ZDK.
Row 8 follows from rows 13 and 14.
Remarks. (a) In [7, Proposition 12.4] we give an example of
K ⊂
2a
D ⊂
2a
L
such that D/K and L/D are of right and left degree 2 and such that L/K is
not of type 2a; in fact, ZLKZK = ZL. Therefore the implications
2a 2a ⇒ 2a, 2 2 ⇒ 2, and a a ⇒ a do not hold, nor do 2a a ⇒ a,
etc.
(b) If L  ZL <∞, K = ZL, and D is a maximal commutative
subﬁeld of L, then
K ⊂
1b
L K ⊂
1a
D ⊂
2b
L
Therefore the implications 1 ⇒ 1 1, b ⇒ b b, and 1b ⇒ 1b 1b do
not hold. Furthermore, ZLK = L, ZDK = D = ZLD. Hence in this
example ZLK is not of the form ZLD  ZDK.
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6. THE STANDARD DECOMPOSITION
In Section 2 we argued that any extension L/K of ﬁnite degree can be
decomposed into basic types by repeatedly taking subﬁelds, alternately of
the form ZLZLK or K ZLK. How many steps this process will take
before it stops is left open until now. In this section we will go into this.
We will show that the number of steps needed is the least possible number.
We prove in Theorem 6.1 that a unique standard decomposition of L/K
into four extensions of just the basic types exists. Depending on how one
starts, with ZLZLK or K ZLK, we obtain two forms for such a standard
decomposition, which appear to be duals of each other. A closer look at
these two forms will show in Proposition 6.2 that they coincide in part, thus
leading to a combined self-dual standard decomposition of the form:
1b E 2a
K D F L
2a E′ 1b
1a 2b
In the following theorem we will show that any extension of ﬁnite left
degree can be decomposed into four extensions, which are, respectively, of
types 1a 1b 2a, and 2b. In fact, we will construct two standard forms of
such decompositions and the uniqueness of these two standard decomposi-
tions will be proved. In the construction of these standard decompositions,
we take intermediate ﬁelds of the form K ZLK or ZLZLK.
Note that, for any ω ∈ AutL with ωK = K, one has ωZLK = ZLK.
Hence
ωK ZLK = K ZLK 1
and
ωZLZLK = ZLZLK 2
In particular, (1) and (2) hold for all ω ∈ GL/K .
Theorem 6.1. (a) For any intermediate ﬁeld D of L/K, the following
hold:
D = K ZLK ⇔ K ⊂
1
D ⊂
2
L and ωD = D for all ω ∈ GL/K ∩ IntL
D = ZLZLK ⇔ K ⊂
a
D ⊂
b
L and ωD = D for all ω ∈ GL/K ∩ IntL
This implies, in particular, that the decompositions given by the right-hand
sides of the above equivalences are unique.
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(b) If D is any intermediate ﬁeld of L/K, then
K ⊂
a
L and D = K ZLK ⇔ K ⊂
1a
D ⊂
2a
L
K ⊂
2
L and D = ZLZLK ⇔ K ⊂
2a
D ⊂
2b
L
K ⊂
b
L and D = K ZLK ⇔ K ⊂
1b
D ⊂
2b
L
K ⊂
1
L and D = ZLZLK ⇔ K ⊂
1a
D ⊂
1b
L
Here the last two implications from left to right require L  Kl < ∞. In
particular, if L/K is of type a, 2, b, or 1, then there is only one possible way
of decomposing in the sense of the right-hand sides of the above equivalences,
without taking into account any condition on invariance of D under inner
automorphisms.
(c) Suppose L  Kl <∞. If D2 = K ZLK, D1 = ZD2ZD2K, and
D3 = ZLZLD2, then
K ⊂
1a
D1 ⊂
1b
D2 ⊂
2a
D3 ⊂
2b
L 1
If E2 = ZLZLK, E1 = K ZE2K, and E3 = E2  ZLE2, then
K ⊂
1a
E1 ⊂
2a
E2 ⊂
1b
E3 ⊂
2b
L 2
Here ωDi = Di and ωEi = Ei for all ω ∈ GL/K and i = 1 2 3.
(d) If D1, D2, and D3 are intermediate ﬁelds satisfying (1) of (c) and if
ωD2 = D2 for all ω ∈ GL/K ∩ IntL, then
D2 = K ZLK
D1 = ZD2ZD2K
D3 = ZLZLD2
If E1, E2, and E3 are intermediate ﬁelds of L/K satisfying (2) of (c) and if
ωE2 = E2 for all ω ∈ GL/K ∩ IntL, then
E2 = ZLZLK
E1 = K ZE2K
E3 = E2  ZLE2
Hence the two decompositions (1) and (2) given in (c) are unique.
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Proof. (a) Suppose D = K ZLK. It is clear that D/K is of type 1,
and from
ZLD ⊂ ZLK ⊂ D
it follows that L/D is of type 2. Notice also that ωD = D for all ω ∈ GL/K .
Conversely, suppose the right-hand side of the ﬁrst equivalence is satisﬁed.
From the Cartan–Brauer–Hua theorem (cf. [5, p. 186]) applied to L/D
and ZLK, it follows that ZLK ⊂ D or ZLK ⊂ ZLD. From the
fact that L/D is of type 2, we know ZLD ⊂ D; hence, in any case,
ZLK = ZDK. Therefore
D = K ZDK = K ZLK
and this proves the ﬁrst equivalence.
Suppose D = ZLZLK. From
ZLZLD = Z4LK = Z2LK = D
if follows that L/D is of type b. Because ZDK ⊂ ZLK we have
D = ZLZLK ⊂ ZLZDK
Hence ZDK = ZD, which means D/K is of type a. Notice that ωD =
D for all ω ∈ GL/K .
Conversely, suppose the right-hand side of the second equivalence is sat-
isﬁed. It follows from the Cartan–Brauer–Hua theorem applied in the same
way as above that ZLK ⊂ ZLD or ZLK ⊂ D. In the second case,
ZLK = ZDK = ZD ⊂ ZLD
Hence, in any case, ZLK = ZLD. Therefore
D = ZLZLD = ZLZLK
This completes the proof of (a).
(b) We number the lines from (1) to (4).
(1), (2)⇒ follow from (a) and Theorem 5.2, rows 1 and 2.
(4)⇒ Suppose L/K is of type 1 and D = ZLZLK. From (a) and
Theorem 5.2, it follows that L/D is of type b and D/K is of type 1a. Now
ZLD = Z3LK = ZLK, so D ZLD = D ZLK = L. Hence L/D is
of type 1b.
(3)⇒ follows by dualizing (4)⇒.
(1)⇐ Suppose D/K is of type 1a and L/D is of type 2a. From
Theorem 5.2, it follows that L/K is of type a. By Lemma 5.1(a),
D = K ZD = K ZLD = K ZLK
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(2)⇐ Suppose D/K is of type 2a and L/D is of type 2b. By
Theorem 5.2, L/K is of type 2. By Lemma 5.1(b),
ZLD = ZD = ZDK = ZLK
Hence
D = ZLZLD = ZLZLK
(3)⇐ Suppose D/K is of type 1b and L/D is of type 2b. From
Theorem 5.2, it follows that L/K is of type b.
By Proposition 3.1(b) and Lemma 5.1(b), we have
D = K ZDK = K ZLK
(4)⇐ Suppose D/K is of type 1a and L/D is of type 1b.
Theorem 5.2 implies that L/K is of type 1.
By Proposition 3.1(b) and Lemma 5.1(a),
D = ZLZLD = ZLZLK
This completes the proof of (b).
(c) follows from (a) and (b).
(d) From (b) it follows that D2/K is of type 1, L/D2 is of type 2,
and D1 and D3 are of the required form. By (a) we have D2 = K ZLK.
Part (b) implies that E2/K is of type a, L/E2 is of type b, and E1 and E3
are of the required form. By (a) we have E2 = ZLZLK. This completes
the proof.
The following proposition gives more detailed information about the sit-
uation as in Theorem 6.1(c).
Proposition 6.2. Suppose L  Kl = n <∞ and
K ⊂
1a
D1 ⊂
1b
D2 ⊂
2a
D3 ⊂
2b
L
K ⊂
1a
E1 ⊂
2a
E2 ⊂
1b
E3 ⊂
2b
L
where D1D2D3 E1 E2 E3 are as in Theorem 6.1(c). Then D1 = E1 and
D3 = E3. Take C0 = ZZLK and q2 = ZLK  C0, r1 = C0  ZK
and r2 = C0  ZL. Then
ZD1 = ZD2 = ZD3 = ZE2 = C
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Furthermore,
D1 = E1 = K C0 = D2 ∩ E2
D3 = E3 = ZLC0 = D2  E2
and
D1  Kl = D1  Kr = r1
L  D3l = L  D3r = r2
D2  D1l = D2  D1r = D3  E2l = D3  E2r = q2
D3  D2l = E2  E1l = r3
where r3 is chosen so that n = q2r1r2r3.
K ⊂
1a
D1 =
1b D2 2a
E1 D3
2a E2 1b
= E3 ⊂
2b
L
⊂ ⊂
⊂⊂
Proof. We have
C0 = ZZLK
= ZLK ∩ ZLZLK
= ZLE2 ∩ E2
= ZE2
and also
C0 = ZLK ∩ ZLK ∩ ZLZLK
= ZLK ∩ ZLK ZLK
= ZD2
Hence, by the deﬁnition of type 2a and by Proposition 3.1(c),
ZD1 = ZD2 = ZD3 = C0 = ZE1 = ZE2 = ZE3
From
D1 = K ZD1 = K C0
and
E1 = K ZE1 = K C0
it follows that D1 = E1 = K C0, and from
D3 = ZLZLD3 = ZLC0
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and
E3 = ZLZLE3 = ZLC0
it follows that D3 = E3 = ZLC0. Furthermore, we have
D1 = ZD2ZD2K
= ZD2ZLK
= D2 ∩ E2
and
E3 = E2  ZLE2
= E2  ZLK
= E2  D2
By Proposition 6.2(a),
D1  Kl = D1  Kr = r1
and, by [3, Theorem 1.3] with D = C0,
L  D3l = L  D3r = C0  ZL = r2
By Proposition 6.2(a) we also have
D2  Kl = D2  Kr = ZLK  ZK
Hence
D2  D1l = D2  D1r = ZLK  C0 = q2
and, by Theorem 4.5,
D3  E2l = D3  E2r = ZLE2  ZLD3r l
= ZLK  C0
= q2
This completes the proof.
Proposition 6.2 also shows us that the degrees of the parts of types
1a 1b, and 2b are related to the degrees ZLK  C0, C0  ZK,
and C0  ZL where C0 = ZZLK. This also gives an indication of
the way in which L/K is (partly) founded in its centralizer; only the 2a
parts of the standard decomposition are not founded.
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7. CLASSIFICATION OF ALL POSSIBLE DECOMPOSITIONS
In Section 6 we studied decompositions of L/K into basic types using
invariant intermediate ﬁelds. If we drop the condition on invariancy, we
also lose the uniqueness of the (standard) decomposition. Then a variety
of decompositions arise. This variety can be parameterized by a variable
commutative subﬁeld of ZLK containing the center C0, as we establish
in Theorem 7.1. Thus it appears that the variety of all decompositions is
founded in the centralizer. Dropping the condition on invariancy, we also
can make decompositions into three basic types by eliminating the 1b parts
of the standard decomposition. The variety of these decompositions is also
founded in the centralizer, as is shown in Proposition 7.2. Proposition 7.3
studies the special case of an L/K of type 1b.
Theorem 7.1. Suppose L  Kl <∞; then the following hold:
(a) Let ' be the set of commutative intermediate ﬁelds of ZLK/
ZZLK and let ( be the set of intermediate ﬁelds D of L/K such that
K ⊂
1
D ⊂
2
L (1)
Then
φ N → K ZZLKN
is a bijective inclusion-reversing mapping of ' onto ( whose inverse is given
by
φ−1 D → ZLD = ZD
for D ∈ (. Moreover, if N ∈ ' and D = φN, then
ZDK = ZZLKN
(b) Let ' be as above and let ) be the set of intermediate ﬁelds D of
L/K such that
K ⊂
a
D ⊂
b
L (2)
Then
ψ N → ZLZZLKN
is a bijective inclusion-preserving map of ' onto ) whose inverse is given by
ψ−1 D → ZDK = ZD
for D ∈ ). Moreover, if N ∈ ' and D = ψN, then
ZLD = ZZLKN
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Proof. (a) Let N ∈ ', D = φN. From Proposition 3.5 and
Theorem 6.1, it follows that ZLK  ZK < ∞. Hence, by [8,
Theorem 1.3] applied to the subﬁeld N of ZLK, we have
ZZLKZZLKN = N . Furthermore,
ZLD = ZLK ZZLKN
= ZLK ∩ ZLZZLKN
= ZZLKZZLKN
= N
⊂ ZZLKN
⊂ D
Hence ZLD = ZD = N and L/D is of type 2. Take a basis ei, i ∈ I1,
of ZZLKN over ZK and complete this to a basis ei, i ∈ I, of ZLK
over ZK. Then, by Proposition 3.5, the ei, i ∈ I, are left independent
over K. Hence
ZDK = D ∩ ZLK
= K ZZLKN ∩ ZLK
= ∑
i∈I1
Kei ∩
∑
i∈I
ZKei
= ZZLKN
Therefore D/K is of type 1. Suppose D is any ﬁeld satisfying (1). From
ZZLKZDK = ZLK ∩ ZLZDK
= ZLK ZDK
= ZLD
= ZD
it follows that N = ZD ∈ '. Application of [8, Theorem 1.3] to the
subﬁeld ZDK of ZLK yields
ZDK = ZZLKZZLKZDK
= ZZLKN
and therefore D = K ZDK = K ZZLKN.
(b) Take an A ⊃ L such that L/K has a dual extension L1/K1 in A.
Apply (a) to the extension L1/K1; to avoid confusion, the symbols '(φ
introduced there will be denoted by '1 (1 φ1 in this case. By duality,
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ZL1K1 = ZLK. Hence '1 = '. So φ1 ' → (1 is an inclusion-reversing
bijection. By duality and Proposition 2.2, the mapping D1 → ZAD1 is
an inclusion-reversing bijection from (1 onto ), denoted by ZA. If N ∈ ',
then
ZAφ1N = ZAK1  ZZLKN
= ZAK1 ∩ ZAZZLKN
= L ∩ ZAZZLKN
= ψN
Hence the diagram
(1
'
)
φ1
ZA
ψ
commutes. Since both φ1 and ZA are inclusion-reversing bijections, ψ is an
inclusion-preserving bijection. Suppose D ∈ ) and D1 ∈ (1 with ZAD1 =
D. By (a), φ−1D1 = ZL1D1 = ZD1. Hence, by duality,
ψ−1D = φ−1D1 = ZDK = ZD
Furthermore, if N ∈ ' satisﬁes ψN = D, then φ1N = D1. Again, by (a)
and duality, we have
ZLD = ZD1K1 = ZZLKN
This completes the proof of (b).
Proposition 7.2. Suppose L  Kl <∞. IfM is a maximal commutative
subﬁeld of ZLK, D1 = K M , and D2 = ZLM, then
K ⊂
1a
D1 ⊂
2a
D2 ⊂
2b
L 1
and
ZD1 = ZD2 =M
Any pair of ﬁelds D1D2 satisfying (1) is of the given form.
For the degrees we have the following relations:
D1  Kl = r1q
L  D2l = r2q
D2  D1l = r3
where r1 r2 r3 are deﬁned as before: r1 = C0  ZK, r2 = C0  ZL,
q2 = ZLK  C0, L  Kl = q2r1r2r3 with C0 = ZZLK.
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Proof. It is clear that D1 ⊂ D2; by Theorem 7.1 we have (noting that
ZZLKM =M) ZD1 = ZD2 =M and
K ⊂
1
D1 ⊂
2
L K ⊂
a
D2 ⊂
b
L
Now apply Theorem 5.2 to obtain (1).
Suppose, conversely, D1 and D2 are ﬁelds satisfying (1). From
Theorem 5.2 it follows that
K ⊂
1a
D1 ⊂
2
L
and, by Theorem 7.1(a), we have, for M = ZD1,
ZZLKM = ZD1K = ZD1 =M
Hence M is a maximal commutative subﬁeld of ZLK.
By Theorem 7.1(a), D1 = K ZZLKM = K M . Furthermore,
D2 = ZLZLD2 = ZLZD2 = ZLZD1 = ZLM
Remarks. (a) Suppose (1) of Proposition 7.2 is satisﬁed. Then, by
Proposition 3.5,
D1  Kl = D1  Kr = M  ZK
L  D2l = L  D2r = M  ZL
These degrees do not depend on the special choice of MD1, or D2.
(b) Suppose ZLK is not commutative. Then there may exist many
maximal commutative subﬁelds of ZLK. Therefore the decomposition
given by (1) of Proposition 7.2 is not unique at all. Furthermore, by the
Cartan–Brauer–Hua theorem there is no maximal commutative subﬁeld M
of ZLK such that ωM =M for all ω ∈ GL/K ∩ IntL. So in case ZLK
is not commutative, there does not exist a decomposition (1) such that
ωDi = Di for all ω ∈ GL/K ∩ IntL. Of course, this also follows from the
uniqueness of the decompositions of Theorem 6.1(c). The special case that
ZLK is commutative will be considered in Proposition 9.1.
Proposition 7.3. Suppose L/K is of type 1b and L  Kl < ∞. If M
is a maximal commutative subﬁeld of ZLK, then K M = ZLM, and if
D = K M = ZLM, then ZD =M and
K ⊂
1a
D ⊂
2b
L 1
Furthermore, L  Dl = D  Kl = D  Kr = L  Dr = q, where ZLK 
ZL = L  K = q2. Any ﬁeld D satisfying (1) is of the given form.
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Proof. Take D1 = K M and D2 = ZLM. By Proposition 7.2 we have
K ⊂
1a
D1 ⊂
2a
D2 ⊂
2b
L 2
and from Theorem 5.2 it follows that D2/K is of type a (since D1/K is of
type 1a and D2/D1 is of type a) and also of type 1 (since L/K is of type
1). Hence it is of type 1a. Again, by Theorem 5.2, we see that D2/D1 is
of type 1a. Therefore, by (2) and Proposition 3.1(d), D1 = D2 = D and
K ⊂
1a
D ⊂
2b
L
If q = M  ZL (note that, by Proposition 3.1, ZK = ZL =
ZZLK), then
D  Kl = D  Kr = ZD  ZK = q
By [8, Theorem 1.3],
ZLK  ZL = q2
and, by Proposition 7.2,
L  Dr = L  Dl = M  ZL = q
The remainder follows from Proposition 7.2.
8. WELL-FOUNDED EXTENSIONS
We noticed in Section 6 that in the standard decomposition the 2a part
is the only part which is not founded. In this section we study a special
class of extensions, called well-founded extensions, in which no 2a parts
exist. We analyze what can be said about the structure of these extensions
in Theorem 8.1 and Proposition 8.2. We ﬁnish this section by proving that
in the case that L  ZL < ∞ every extension L/K of ﬁnite degree is
well founded.
Theorem 8.1. Suppose L  Kl < ∞ and take as before C0 =
ZZLK, r1 = C0  ZK, r2 = C0  ZL, q2 = ZLK  C0,
L  Kl = q2r1r2r3. Then the following are equivalent:
(i) In the standard decomposition of L/K the 2a parts collapse, that
is, r3 = 1.
(ii) ZLZLK ⊂ K ZLK.
(iii) There exists a decomposition of L/K of the form
K ⊂
1a
ZLZLK ⊂
1b
K ZLK ⊂
2b
L
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(iv) There exists a decomposition of L/K of the form
K ⊂
1a
D1 ⊂
1b
D2 ⊂
2b
L
with K-invariant intermediate ﬁelds D1D2.
(v) There exists a decomposition of L/K of the form
K ⊂
1a
D ⊂
2b
L
(vi) L  Kl = r1r2q2.
(vii) L  Kr = r1r2q2.
Proof. (i)⇒ (ii) This is trivial.
(ii)⇒ (iii) Let D = K ZLK and E = ZLZLK. We have E ⊂ D
and
ZDK = D ∩ ZLK = ZLK
ZLE = ZLZLZLK = ZLK
By Theorem 6.1 we have ZLZLD = E ZLE; therefore
ZDZDK = D ∩ ZLZDK = D ∩ ZLZLK = D ∩ E = E
D ⊂ ZLZLD = E ZLE = E ZLK ⊂ D ZLK = D
This implies ZDZDK = E and E ZLE = D. Now from Theorem 6.1
(iii) follows.
(iii)⇒ (iv) This is trivial.
(iv)⇒ (i) This follows from Theorem 6.1.
(i)⇔ (vi) and (i)⇔ (vii) follow from Theorem 6.2.
(vi)⇒ (v) Take a maximal commutative subﬁeld M of ZLK and
apply Theorems 7.2 and 6.2.
(v)⇒ (ii) From Theorem 7.2 it follows that D = K M = ZLM
for some maximal commutative subﬁeld of ZLK. By asserting
ZLZLK ⊂ ZLM = K M ⊂ K ZLK
we establish (ii).
Deﬁnition. An extension L/K which satisﬁes the equivalent conditions
(i) to (vii) of Proposition 8.1 is called a well-founded extension.
The following proposition immediately follows from Theorem 8.1 and
Proposition 7.2.
Proposition 8.2. Suppose L/K is a well-founded extension of ﬁnite left
degree. Then the following hold:
(a) L  Kr = L  Kl.
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(b) Every dual extension of L/K is well founded.
(c) Any decomposition of L/K into
K ⊂
1a
D ⊂
2b
L
is of the form D = K M = ZLM with ZD =M a maximal commutative
subﬁeld of ZLK.
To establish examples of well-founded extensions, we prove in Theorem
8.3 that in the case of L  ZL <∞ every extension L/K of ﬁnite degree
is well founded.
Theorem 8.3. Suppose L  ZL < ∞ and L/K is of ﬁnite degree.
Then L/K is well founded. Moreover, in this case, ZZLK = ZK  ZL.
Proof. The subﬁeld D = K ZLK is of ﬁnite degree over ZL. From
[8, Theorem 1.3(b)] it follows that E = ZLZLK ⊂ ZLZLD = D, so L/K
is well founded. For the remainder, take C = ZK  ZL. Since the ﬁeld
K C is of ﬁnite degree over ZL, again from the reference mentioned
above it follows that
E = ZLZLK ⊂ ZLZLK C = K C ⊂ ZLZLK = E
Therefore K C = E. Now from Theorem 4.3 it follows that
C = ZK CK = ZEK 1
From Theorems 8.1 and 6.2 it follows that
ZEK = ZE = ZZLK 2
Combining (1) and (2) completes the proof.
9. COMMUTATIVE CENTRALIZER
In Section 8 we studied the extensions L/K with ZLZLK ⊂ K ZLK;
we called these well-founded extensions. The opposite special case that
K ZLK ⊂ ZLZLK is studied here. It is shown that this condition is
equivalent to the centralizer being commutative. Furthermore, it has con-
sequences for the decompositions of L/K into basic types.
Proposition 9.1. If L  Kl <∞, then the following are equivalent:
(i) ZLK is commutative.
(ii) K ZLK ⊂ ZLZLK.
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(iii)
K ⊂
1a
K ZLK ⊂
2a
ZLZLK ⊂
2b
L
(iv) There exist ﬁelds D1 and D2 such that
K ⊂
1a
D1 ⊂
2a
D2 ⊂
2b
L
and ωD1 = D1 for all ω ∈ GL/K ∩ IntL or ωD2 = D2 for all ω ∈ GL/K ∩
IntL.
(v) There is exactly one ﬁeld D such that
K ⊂
1
D ⊂
2
L
(vi) There is exactly one ﬁeld D such that
K ⊂
a
D ⊂
b
L
(vii) There is exactly one pair of ﬁelds D1D2 such that
K ⊂
1a
D1 ⊂
2a
D2 ⊂
2b
L
If L  Kl is square free (i.e., not divisible by q2 for any integer q > 1),
then the above conditions are satisﬁed.
Proof. (i)⇔ (ii) is clear.
(ii)⇒ (iii) follows from Theorems 6.1 and 5.2.
(iii)⇒ (iv) is trivial.
(iv)⇒ (ii) The case that ωD1 = D1 for all ω ∈ GL/K ∩ IntL is
treated using Theorem 6.1(d). The case that ωD2 = D2 for all ω ∈ GL/K ∩
IntL follows from the ﬁrst one by dualizing.
(i)⇔ (v) and (i)⇔ (vi) follow from Theorem 7.1, noticing the fact
that ZLK is commutative if and only if it contains exactly one maximal
commutative subﬁeld.
(i)⇔ (vii) follows from Proposition 7.2, using the same fact. Sup-
pose L  Kl is square free. Then the standard decomposition given in
Proposition 6.2 does not contain a part of type 1b, since such a part would
have a square as its degree. Therefore condition (iv) is fulﬁlled.
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10. INNER CENTRAL EXTENSIONS OF DEGREE 4
Here we will determine the extensions of type 1b with L  Kl = 4
and charK = 2. (It will also be pointed out how to determine these in
case charK = 2.) If R is a (noncommutative) ring with charR = 2 and
if λµ ∈ ZR, then we denote by HλµR the quaternion ring over R
consisting of the elements a+ bi+ cj + dk, where a b c d ∈ R, with mul-
tiplication given by
i j and k commute with the elements of R
i2=−λ ij = −ji = k
j2=−µ jk = −kj = µi
k2=−λµ ki = −ik = λj
and the usual ring axioms. Note that
HλµR = R ⊗
ZR
HλµZR 1
One has the following well-known result (see [1, Chap. IX, Sect. 10,
pp. 145–146]). The proof we give here is an application of duality.
Proposition 10.1. Suppose L is any ﬁeld with charL = 2. Then
L  ZL = 4 if and only if L ∼=ZL HλµZL for some λµ ∈ ZL.
Proof. If L is a quaternion ﬁeld, then it is trivial that L  ZL = 4.
Conversely, assume L  ZL = 4. Take a maximal commutative subﬁeld
K of L. Then L/K is an inner plain extension and, by Proposition 3.5,
K  ZL = L  K = 2. Let i ∈ K such that 1 i is a basis of K/ZL
and i2 = −λ ∈ ZL. The extension K/ZL is a cyclic Galois extension
with ZL-automorphism ω a+ bi→ a− bi. By [8, Corollary 3.4], L/K is
a binomial extension with generator j such that
xω = j−1xj
for all x ∈ K. In particular, ij = −ji, and if j2 = −µ ∈ K, then µω =
j−1j2j = µ. Hence µ ∈ ZL. Furthermore, 1 i j ij is a left and right
basis of L/ZL. One now easily veriﬁes that L ∼=ZL HλµZL.
A consequence is the following proposition.
Proposition 10.2. If L/K is inner central, L  Kl = 4, and charK = 2,
then there exist λµ ∈ ZK such that
L∼=
K
HλµK
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Proof. Note that, by Proposition 3.5(b), ZLK  ZK = 4, while
ZZLK = ZK. The result now follows from (1) and Proposition 10.1.
Next we are interested in conditions on λµ in ZK for HλµK to be
a ﬁeld. These are given in the following.
Theorem 10.3. Suppose charK = 2 and λµ ∈ ZK. The following
are equivalent:
(i) HλµK is a ﬁeld.
(ii) The equation X21 + λX22 + µX23 + λµX24 = 0 has only the trivial
solution in any commutative subﬁeld of K.
(iii) The equation X2 + λ = 0 has no solution in K, and X21 + λX22 +
µ = 0 has no solution in any commutative subﬁeld of K.
Proof. (i)⇒ (ii) Suppose a b c d are in a commutative subﬁeld of K.
Take x = a+ bi+ cj + dk, x¯ = a− bi− cj − dk. Then
xx¯ = a2 + λb2 + µc2 + λµd2 2
Because HλµK has no zero divisors, xx¯ = 0 has only the trivial solution.
(ii)⇒ (iii) is clear.
(iii)⇒ (i) Take K1 = Kt/Ktt2 + λ and i = t mod Ktt2 + λ.
Then K1 is a ﬁeld and S a+ bi→ a− bi is an automorphism of K1. In the
skew polynomial ring K1u S, (cf. [4]) the element u2 + µ is in the center
because µ ∈ ZK and Sµ = µ. Take
K2 = K1u S/K1u Su2 + µ
and j = u mod u2 + µ. Then 1 j is a left basis of K2/K1 and K2 is a ring.
Furthermore, 1 i j ij is a left basis of K2/K and one easily checks that
K2 ∼=K HλµK. Now K2 is a ﬁeld if and only if the equation
xSx + µ = 0 3
has no solution x in K1 (see Cohn [3]). Write x = a+ bi, a b ∈ K. Then
xSx = a+ bia− bi
= a2 + λb2 + ba− abi
Hence any solution of (3) gives a solution a b of X21 + λX22 + µ = 0 in a
commutative subﬁeld of K. This proves (iii)⇒ (i).
Corollary 10.4. Suppose charK = 2, K0 is a subﬁeld of ZK, and
L is a ﬁeld of quaternions over K0. The following are equivalent:
(i) K ⊗K0 L is a ﬁeld.
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(ii) M ⊗K0 L is a ﬁeld for every (maximal) commutative subﬁeld M of
K containing K0.
Proof. If L = HλµK0, then K ⊗K0 L ∼=K HλµK. Apply Theorem
10.3 to complete the proof.
Corollary 10.5. Suppose K0 is a subﬁeld of ZK, charK0 = 2, and
charK is not a divisor of K  K0 < ∞. If λµ ∈ K0 and L = HλµK0
is a ﬁeld, then the following are equivalent:
(i) K ⊗K0 L is a ﬁeld.
(ii) Every polynomial in K0X which is irreducible over K0 and has a
zero in K is irreducible over L.
Proof. If f X is an irreducible polynomial over K0 and L0 =
K0X/K0Xf X, then
L0
⊗
K0
L∼=
K0
LX/LXf X
and the right-hand side is a ﬁeld if and only if f X is irreducible in LX.
If N is a commutative subﬁeld of K, then N/K0 is separable, hence of the
form L0 for some f X, which has a zero in K. Now the result follows from
Corollary 10.4.
Notes. (a) For the case charK = 2, one can derive similar results if
the deﬁnition of quaternion rings is taken as follows: if R is a ring with
charR = 2 and λµ ∈ ZR, then the ring HλµR is deﬁned as above
with multiplication given by
i j and k commute with the elements of R
i2= i+ λ ji= i+ 1j
j2=µ ij= k
and all consequences of these using the ring axioms. With this deﬁnition,
Propositions 10.1 and 10.2 and corollaries 10.4 and 10.5 are also true in
case charK = 2, while Theorem 10.3 holds if the equations are replaced
by certain other ones. All proofs can be carried over directly to the char-
acteristic 2 case.
(b) The case of Corollary 10.5 in which K is also a ﬁeld of quater-
nions was discussed by Albert [2]. The generalization of this result given
by Theorem 10.3 was also discovered independently by Risman [6], who
used the same kind of arguments as Albert. His proof is, in fact, purely
computational without using any theory on skew polynomial rings as in our
proof.
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11. CONCLUSION
In this paper a standard decomposition of a skew ﬁeld extension L/K,
based on four centralizer-related intermediate ﬁelds, is discussed. The basic
types of extensions, for which the standard decomposition is trivial, are
identiﬁed, and it is shown that the standard decomposition is a decompo-
sition in terms of such types and is unique in this respect. A number of
persistence properties of these types have been explored. For three of the
basic types, it is shown how their structure can be described by structures
of their centralizer. These three types are the only types occurring in the
case of ﬁnite L  ZL. It has been shown that K ZLK and ZLZLK
are duals (cf. [7, 8]) of each other and that the standard decomposition is
self-dual. The special cases that one of these two intermediate ﬁelds is a
subﬁeld of the other one have been discussed. Special cases of the results
presented here can be related to Galois extensions and zeros of polynomials
as discussed in [9–11].
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